Chapter 2

The Structure of R

A constant theme, which we begin in Chapter 2, is to show the similarities
and dissimilarities between Q and R. The triangle inequality and Corollary
2.1 are used extensively once we begin Chapter 3. The purpose of Exer-
cise 2.1.11 is to have a problem which uses the triangle inequality and to
introduce the student to an e- type argument.

Some possibilities for student take home problems or projects are Exer-
cises 4 or 8 of Section 2.2, Exercises 4 or 5 of Section 2.3, and Exercises 12
through 15 of Section 2.4. Exercise 2.4.15 will be difficult for many students
simply because of the amount of structure; for example, you have a func-
tion whose range is a set of functions. Without some advice on notation, a
student’s solution to this problem could be very hard to follow.

2.1 Algebraic and Order Properties of R

1. fz+r=s€Q, then x;s—-ré@since@isaﬁeld.
Ifra::se@,thena::-;erinceQisaﬁeld.

2, —\2++v/2=0and v2-/2=2.

3. Supposezx = V2 + 3 € Q. Then z2 € Q and 22 = 5 + 2v/6. Thus,

z
\/6—2

4. Let 0 < @ and 0 < b. Using Axiom 2.7 twice, 0 = 0+0 < 0+a <b+a.
Using Axiom 2.8 with 0 < a and >0, wehave 0 =0-b <a-b. (Of
course, this presupposes we know that 0-b =0 from the field axioms:

€ Q, a contradiction (see Exercise 1.1.1).

9



10 CHAPTER 2. THE STRUCTURE OFR

0-6=(0+0)-b=0-b+0-b; now add the additive inverse, —0 -, to
each side and use associativity.)

5. Suppose 1 < 0. By Axiom 2.7,0 = —1+1 < —140 = —1. By Exercise
4,0 < (-=1)(-1) =1. Thus, 0 < 1 and 1 < 0, a contradiction to Axiom

2.6.
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Your students may be familiar with the following technique. Let z =
.334747.... Then 100z = 33.4747... and 10,000z = 3347.4747.....
Subtracting we have 9900z = 3314 or z = g-g—-é%
1. Ifa >0, then |a| = a >0 and if a < 0, then |a] = —a > 0. So if
la| = 0, then a = 0. Of course, |0] = 0 by Definition 2.1.
2. Ifa >0, then —a < 0 and so |—a| = —(—a) =a =a].
Ifa <0, then —a > 0 and so |—a| = ~a = |a].

8. If a > 0, then Va2 =a = |a].
Ifa <0, then Va? = —a = a|.

9.a<b=>a’=a-a<a b(sincea>0)anda<b=>a-b<b-b=">%
Transitivity = a? < 8.
Let a? < &% and assume a # b. Then ¥ —a® > 0 or 0 < (b — a)(b+a).
Since b+ a > 0 by Exercise 4, b —a > 0 and so b > a.
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THE COMPLETENESS AXIOM 11

From the proof of the triangle inequality, equality holds < |ab] = ab @v
ab > 0.
Lete=2la—b|.Let U= (a~¢,a+e)and V = (6 -¢,b+e).

Suppose z € UNV. Then |z —a|] < ¢ and |z—b] <e&. So la—8] <
la —z| + |z —b] < 26 = |a — b], 2 contradiction. So, UNV =40.

The Completeness Axiom

(3) A={z€R:0<22 <2} ={zeR: —/2<z <V2}\{0}. So
supA=\/§andian=-—\/’2-.

®) B={zeR:a <2 = (—vZV2), SosupB = v2 and
inf B = —/2. |

() C={z €R:0<zand 2> > 2} = (v2,00). So supC =00 and
inf C = v2.

(d) D ={z eR:2?>2} = (00, ~v2) U(V2,00). So supD = o0

 and inf D = —co. : '

Let s; be the greatest element of S. Thenz <51 Vz € S, and so s;
is an upper bound of S. Let « be an upper bound of S. Then z < v
Vz € S. In particular, s1 < 7. Therefore, s; = sup S.

Since A # 0, inf A < sup A. Since A C B, sup B is an upper bound of
B and hence of A. Since sup A is the least upper bound of A4, supA <
sup B. Similarly, inf B is a lower bound of A and so infB < infA
since inf A is the greatest lower bound of A. S

To show that inf(bS) = bsupS, let & = supS. So & € R by the
Completeness Axiom. To show: ba = inf(bS). Vs € S, s < a=>bs 2>
ba = b is a lower bound of bS. Let -y be a real lower bound of bS.
To show: v < ba.¥s € S,v < bs = I > s = ¥ is an upper bound of
S. Since @ =sup S, o < ¢ and so ba 2 7. .

To show sup(bS) = binf(S), let § = inf S. So 3 € R by Proposition 2.4.
To show: b3 = sup(bS). Vs € 5,8 < s = b3 > bs = b is an upper
bound -of bS. Let v be a real upper bound of bS. To show: 53 < 7.

VsES,bs§7=>sz%=>' % is a lower bound of S. Since B = inf S,

%Sﬂandso'y?_bﬁ.

Since S is bounded above, —S is bounded below. Use the first part of
Exercise 4 with b = —1.
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6. To show sup(a+ S) =a+sup S, @ =sup S € R by the Completeness
Axiom. Vs€ 5, s<a=a+s<a+a= a+ais an upper bound of
a+S. Let v be a real upper bound of a + S. To show: a +a < 7.
Vs€S,a+5<vy=s<v—a=v—ais an upper bound of S. Since
a=supS, a <y —aora+a< . Therefore, a + o = sup(a + 5).

To show inf(a + S) = a+infS, B = infS € R by Proposition 2.4.
VseS,f<s=>a+F<a+s=a+fisalower bound of a + S.

Let vy be a real Jower bound of a + S. To show: Yy <a+ 8. Vs € S,v <
a+s=v—-a<s=v—aisalower bound of S. Since 8 = inf S,

Yy—a<PBory<a+p.

7. Let a =sup A, f = sup B, = max{e, 8}. (Note that a, 3, and 7 are
extended real numbers; the instructor may wish to consider special
cases such as A = @, A unbounded above, etc.)

To show: n =sup(AUB).Ifz € A, then z < o <7 and 1fx € B, then
z < B <. So, 7 is an upper bound of AU B. If ¥ is an upper bound
of AU B, then v is an upper bound of A and + is-an upper bound of
B. So,v 2> a and 7y > 8. So v > 1. Thus, 7 = sup(4AU B).

The second part is similar. Let @ = inf 4, 8 = inf B, = min{a, 8}.
To show: n =inf(AUB).Ifz € A, thenz > a > nand if z € B, then
z2> [ 2n.Sonis alower bound of AU B. If 7 is a lower bound of
AU B, then v is a lower bound of both A and B. Hence, v < & and

v <8 =v<nandson=inf(AUB).

8. ¥n € N, let p(n) be the statement: any subset of R with n elements
contains a maximum element. Clearly, p(1) is true. Assume p(%) is
true and let § = {z1, ..., %k, Tk+1} be a subset of R with k+1 elements.
Then A = {zy,...,zx} has 2 maximum element by the induction hy-
pothesis. By Exercise 7, sup S = max{max A,zz.1} € S. Therefore,

S has a maximum element.
For the minimum element, change the word maximum above to mini-

munm (there are three of these changes) and use inf § = min{min 4, 2}
in the next to last sentence.

9. Let A= B = [~1,0]. Then @ = 8 = (0, but supC = 1. More simply,
one could use A = B = {~1,0} for then C = {0,1}.

2.3 The Rational Numbers are Dense in R

1. A=infSER Lete >0.f B+e<sVse€S, then B+¢ is a lower
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bound of S, contradicting 3 being the greatest lower bound of S. So
Js; € § with sy < B +e¢.

9. Let m be the smallest element of {n € N : z < n} (N is well-ordered
and this set is nonempty by Theorem 2.1). Then m —1 < z < m. For
uniqueness, if m; and mg both satisfy this inequality with m; > ma,
then = < mg < my — 1, a contradiction.

- 1 123 .
3. (a) A= l—ﬁ.nGN = 0,5,5,2,...}15clearlybounded

above by 1. If0 < z < 1 with z an upper bound of A, then
3 n € N such that - <l—-zorz<1l- ~a contradiction.
Therefore sup A =1 and inf A = 0.
(b) supQ = +00 and infQ = —o0.
15

1 38 :
(c) C = {n—--ﬁ- .nEN} = {0’5’5’_4-’"'}' supC = +co and
infC =0. _
(d)D={:z:€@::r2<2}={a:EQ:—\/_2'<:c<\/§}.So
supD =+2 and inf D = —/2. (If sup D < V/2, since Q is dense
inR,quQWithsupD<q<\/-2-.)

4. We mimic the proof of Theorem 2.2 replacing % with - which is, of

course, irrational.

L1z V2
Case 1. 0 < z. Choose n € N with = < —=. Then 0 < — < z. Note
n 2 n

that this takes care of the case y < 0 < z.
Case 2. 0 < z <y. Choose n € N with 0 < g < y — z. By Exercise

1
ZEmGNsuchthatm—l$E<m.So-7—n-——Sf—<2.Thus,
V2 n N n

2
z m z 1 m2 V2
—_— — L —— e — < —_— —_ =
ﬁ<n_\/§+nandsoa:< - <z+— <z+@y-z)=y
and my/2 is irrational.

n
Cases 3 and 4. For z < 0 or z < y < 0, use the negative of the
corresponding irrationals from Cases 1 and 2.

5. Let o = inf A, 8 = inf B, and note that both « and 8 are in R by
Proposition 2.4. To show: a+f = inf(A+ B).Va € Aand b € B,
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a+f3 < a+b=>a+f is alower bound of A+ B. Let y be a real lower
bound of A + B. To show: vy < a+f.

Argumentl Fixbp€ B.Va€ A,y<a+byp=>v-by<a=7-—bis alower
bound of A. Since o =inf A, y—bp < aor 7v— a < by. Since b
1sanarb1tra.ryelementofB,7-—-a<beEBandso7 aisa
lower bound of B. Since 8=infB,y—a<forvy< a+p.

Argument 2. Let € > 0. By Prop051t10n€2.5, 3 ap € A and by € B such that
ag < a+§ and bg < ﬂ+§. Since « is a lower bound of A+ B,

v < ag+ by < &+ B +e¢. Since € is an arbitrary positive number,
y<a+p

6. Let a = sup{f(x) : z € X} and 8 = sup{g(z) : z € X}. Both a and 3
are in R by the Completeness Axiom. Vz € X, f(z)+9(z) < a+ 8=
a+ 3 is an upper bound of {f(z)+g(z) : € X}. Since the supremum
of a set is the least upper bound of a set, sup{f(z)+g(z) :z € X} <
a+ 5.

The functions in Example 2.3 will serve as examples here. For the
functions in part 2 of Example 2.3, sup{f(z) + g(z) : z € [0,2]} =
sup{0} =0 and sup{f(z) : z € [0,2]} = 1 = sup{g(z) : = € [0,2]}.

7. First note that all infs and sups here are real numbers.

(a) Vz € X, inf f(X) < f(z) < g(z) = inf f(X) is a lower bound of
{g9(z) : z € X}. Hence, inf f(X) < inf g(X). Similarly, f(z) <
g(z) < supg(X) Vz € X and so supg(X) is an upper bound of
{f(z) : z € X}. Therefore, sup f(X) < supg(X).

(b) Fix yo € X. Vz € X, f(z) < g(yo) = g(yo) is an upper bound of
{f(z) : z € X}. Hence, sup f(X) < g(%o)- Since yo is an arbitrary
element of X, sup f(X) < g(y) Vy € X. Thus sup f(X) is a lower
bound of {g(y) : ¥y € X}, and so sup f(X) < infg(X).

(c) Let f,9:[0,1] — R be defined by f(z) = z? and g(z) = z. Then
f(z) < g(=) vz € [0, 1], sup £([0,1]) = 1, and inf g([0, 1]) = 0.

2.4 Cardinality

1. Part 2 is the contrapositive of part 1. To show part 3, assume B # 0
and write A = {z3,...,Zn}. Let n1 be the first positive integer such
that z,, € B. If B # {n, }, let no be the first positive integer greater
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than ny with Zn, € B. Continuing, realize B as {ZnysZngs - ->Tn; } for

some n; < M. _
9. A ~ subset of B, which is finite by Proposition 2.8, part 3.

3. The result is clear if A or B is empty. For A and B both nonempty,
Jet f be a bijection of {1,...,n} onto A and let g be a bijection
of {1,...,m} onto B where m,n € N. Define h from {1,...n,n +

1,...,n+m}onto AUB by

~ f(z) lf € {1,..-, }
h(z)’{g(i—n) if Zeén+1f--,"»+m}-

Then & maps {1,...,n+m} onto AUB, and so AUB is finite by part

1 of Proposition 2.9.
vn € N, let p(n) be the statement: the union of n finite sets is fi-

nite. Clearly, p(1) is true. Let & € N and assume p(k) is true. Let
N
A;, As, ..., Ar, A1 be k-1 finite sets. Then |J A is finite by the

i=1

k+1 k :
induction hypothesis, and so |J 4; = (U A,) U Agq is finite by the
t=1 g==

1
first part.of this problem. Therefore, p(k + 1) is true. By induction,
p(n) is trueVn € N.

4. Since X is infinite, X \ {z} is infinite by Exercise 3. By Theorem 2.3,
3 a sequence of distinct points (zn)pe; in X'\ {z}. Map z — z1,Zp —
Znt1 V1, y — y otherwise. This map is a bijection of X onto X \ {z}.

5. Let (z,)%2; be a sequence of distinct points in (0,1). Map 0 — z4,
1> 29, Zn— Tn42 V0, T—Z otherwise.

6. Proof of part 1. By Proposition 2.8, assume Aisinfinite. Then N ~ A.
Since A ~ B and ~ is transitive, B ~ N. Hence, B is countably infinite.
Part 2 is the contrapositive of part 1.

7. A ~ subset of B, which is countable by Proposition 2.11, part 3.
8. The map n — n + m is a bijection of N onto N\ {1,2,...,m}.

9. A x B = Useaf(a,b) : b € B} is the countable union of countable
sets. Hence, A x B is countable by Theorem 2.4. Note that Va € A,

{(a,b) : b € B} ~ B by the map (a,b) — b
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If A\ B were countable, then A = (4\ B) U B would be countable by
Theorem 2.4.

Choose a rational in each member of 2 (since Q is dense in R). Since
9 is pairwise disjoint, these rationals are distinct. Thus, 2 ~ subset

of Q and hence countable. |
S = Ugeg{(a,0) : b€ Q, b> a} is countable by Theorem 2.4.

Argument 1. Assume A is countable and use a Cantor diagonalization
argument. If f is a bijection of N onto A and f(n) = (Tn,, Tny, Tns, - - -)
¥n € N, define the sequence (Yn)neN bY yn =1 — Zn, Vn € N . That
is, yn = 1 if z,, = 0 and y, = 0 if Z,, = 1. Then (¥n)nen € A\ range
f, a contradiction. _

Argument 2. Every z in [0,1] has a binary representation, that is a

representation as a sequence of 0's and 1’s. Note that some z have 2
. : 1 1 -1 .
representations; for example, 3= -2- + > -+ o + 7 <+ --- or in terms

of sequences, (1,0,0,0,...) = (0,1,1,1,...). In these cases let us agree
to use the representation with a tail of 0’s. Vz € [0,1], let f(z) be
the binary representation of z (f is well-defined since we have a fixed
representation Vz). Then f is a1 — 1 map of [0,1] into A (f is not
onto A because of the double representation of some z). Since [0,1] is

uncountable, A is uncountable by Proposition 2.12, part 2 .

Following the hint, either zg € A or g ¢ A. If zp € A, then by
definition of A, zo ¢ f(zo) = A, a contradiction. Therefore,

zo ¢ A. Again, by the definition of A, zg € f(xg) = A, a contradiction.
Therefore, there does not exist a function from X onto P(X) .

Suppose F : [0,1] ° A. Write F(z) as F; Vz € [0,1]. Then
F;:[0,1] =R Vz'€(0,1]. Defineh € Aby "

0 i Fy(z)#0
h(”’)={ 1 if Fzgz§=o

vz € [0,1]. Since F maps [0,1] onto A, h = Fz, for some zo € [0,1].
But A(zg) # Fx,(Z0), 2 contradiction. Therefore, no such F exists.
(Remark. Since a 1 — 1 function from [0, 1] into A exists, the cardinal
number of A is larger than the cardinal number of R.)
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For those instructors who do not like the use of the Axiom of Choice
in the proofs of part 1 of Propositions 9.9 and 2.12, we offer an alternative
argument in the case when A is countably infinite. The case when A is finite
is done similarly.

Let A be countably infinite and let f be a function from A onto B.
To show: B is countable. Since A is countably infinite, 3 a bijection g from
N onto A, and so f o g is a function from N onto B. Define h: B — N by
h(b) = the smallest positive integer n such that (fog)(n) =bV b € B.
Equivalently, h(b) is the smallest element of g~ (f~1({b}))- Then A is well-
defined since N is well-ordered and f o g maps N onto B, and h is 1-1 since
f o g is a function. Therefore, B is equivalent to a subset of N, which is

countable by Proposition 2.11.




